Abstract. K-frames and atomic systems for an operator K in Hilbert spaces were introduced by Gavruta [17] and further studied by Xio, Zhu and Gavruta [35] . In this paper, we have introduced the notion of an approximative atomic system for an operator K in Banach spaces and obtained interesting results. A complete characterization of family of approximative local atoms of subspace of Banach space has been obtained. Also, a necessary and sufficient condition for the existence of an approximative atomic system for an operator K is given. Finally, explicit methods are given for the construction of an approximative atomic systems for an operator K from a given Bessel sequence and approximative X d -Bessel sequence.
Introduction
A sequence {f n } Frames in Hilbert spaces were introduced by Duffin and Schaeffer [11] in 1952, while addressing some deep problems in non-harmonic Fourier series. Frames were reintroduced by Daubechies, Grossmann and Meyer [9] after three decades, in 1986, frames were brought to life, and were widely studied after this nobel work. Frames are generalization of orthonormal basis. The main property of frames which makes them useful is their redundancy. Now, frames play an important role not only in pure mathematics but also in applied mathematics. Representation of signals using frames is advantageous over basis expansions in a variety of practical applications in science and engineering. In particular, frames are widely used in sampling theory [1, 13] , wavelet theory [10] , signal processing [4] , image processing [28] , pseudo-differential operators [19] , filter banks [6] , quantum computing [14] , wireless sensor network [21] , coding theory [32] , geometry [23, 24] and so on. Feichtinger and Gröcheing [16] extended the notion of frames to Banach space and defined the notion of atomic decomposition. Gröcheing [20] introduced a more general concept for Banach spaces called Banach frame. Banach frames and atomic decompositions were further studied in [7, 20, 27] . Casazza, Christensen and Stoeva [5] studied X d -frame and X d -Bessel sequence in Banach spaces. Shah [25] defined and studied approximative X d -frames and approximative X d -Bessel sequences. He gave the following definition.
⊆ X * , where {m n } is an increasing sequence of positive integers, is called an approximative
(b) There exist constants A and B with 0 < A ≤ B < ∞ such that
The constants A and B are called approximative X d -frame bounds. If atleast (a) and the upper bound condition in (1.2) are satisfied, then {h n,i (x)} i=1,2,3,...,mn n∈N is called an approximative X d -Bessel sequence for X . One may note that if {f n } is an X d -frame for X , then for {h n,i } = f i , i = 1, 2, 3, ..., n; n ∈ N, {h n,i } i=1,2,3,...,mn n∈N is an approximative X d -frame for X . Also,
is an approximative X d -Bessel sequence for X . The bounded linear operator U : X → X d given by
is called an analysis operator associated to the approximative
is an approximative X d -frame for X and there exists a bounded linear operator S :
x, for all x ∈ X , then ({h n,i } i=1,2,3,...,mn n∈N , S) is called an approximative Banach frame for X with respect to X d . Atomic systems for an operator K in Hilbert spaces were introduced by Gavruta [17] . Xiao et al. [35] discussed relationship between K-frames and ordinary frames in Hilbert spaces. Poumai and Jahan [30] introduced atomic systems for operators in Banach spaces. Frames for operators in Banach spaces were further studied in [8, 18] . Outline of the paper. K-frames and atomic systems for an operator K in Hilbert spaces were introduced by Gavruta [17] and further studied by Xiao, Zhu and Gavruta [35] discussed relationship between K-frames and frames in Hilbert spaces.
In the present paper, we define approximative atomic system for an operator K in a Banach space and prove some results on the existence of approximative atomic system for K. We also define approximative family of local atoms for subspaces and give a characterization for the approximative family of local atoms for subspaces. Also, we discuss methods to construct approximative atomic system for an operator K from an approximative Bessel sequence and an approximative X d -Bessel sequence.
Throughout this paper, X will denote a Banach space over the scalar field K(R or C), X * the dual space of X , X d a BK-space, X * d denotes dual of X d and we will assume that X d has a sequence of canonical unit vectors as basis. By {h n,i } we means a sequence of coefficient functionals of row finite matrix. L(X ) will denote the set of all bounded linear operators from X into X . For T ∈ L(X ), T * denotes the adjoint of T . π : X −→ X * * is the natural canonical projection from X onto X * * . A sequence space S is called a BK-space if it is a Banach space and the co-ordinate functionals are continuous on S. That is the relations x n = {α j (n) },
Preliminaries
Gavruta [17] , introduced the notion of K-frame and atomic system for an operator K in a Hilbert space. She gave the following definition.
c n x n converges for all c = {c n } ∈ l 2 .
(ii) there exists C > 0 such that for every x ∈ H there exists {a n } ∈ l 2 such that
Shah [25] defined and studied approximative K-atomic decompositions and approximative X d -frames in Banach spaces. For further studies related to this concept one may refer [22, 26] .
Next, we give some results which we will use throughout this manuscript. 
where I X is the identity operator on X .
S,ST are projections and T S(X ) = T (X ) and ST (X ) = S(X ).
Lemma 2.5. 
Terekhin [34] introduced and studied frames in Banach spaces. 
We refer (2.2) as the frame inequality. If at least (a) and the upper bound condition in (2.2) are satisfied, then {x n } is called a Bessel sequence for X with respect to X d . A frame {x n } is called exact if on removal of its one element x n , it is no longer a frame for X .
Approximative atomic system for operators
Gavruta [17] , introduced and studied atomic system for an operator K in Hilbert spaces. Poumai and Jahan [30] defined and studied atomic systems for operators in Banach spaces as a generalization of atomic system in Hilbert spaces. Here we have generalize this concept further and introduce the concept of approximative atomic systems for operators in Banach spaces and obtain new and interesting results. We starts this section with the following definition of approximative atomic system for K:
The sequence {h n,i } i=1,2,3,...,mn n∈N is called the associated approximative X d -Bessel sequence.
Observation: If {x n } is an atomic system for K in X with respect to X d , then for h n,i = f i , i = 1, 2, 3, ..., n, n ∈ N, {x n } is an approximative atomic system for K. Observations (I) If {x n } is a family of local atoms for M , then for h n,i = f i , i = 1, 2, 3, ..., n, n ∈ N, {x n } is an approximative family of local atoms for M.
(II) Let X be a Banach space and M be a closed subspace of X . Let {x n } be an approximative family of local atoms for M with respect to X d and let {h n,i } i=1,2,3,...,mn n∈N be its associated approximative X d -Bessel sequence with bound B. Then, (x n , {h n,i } i=1,2,3,...,mn n∈N ) is an approximative atomic decomposition for M with respect to X d and {x n } is a frame for M . Indeed, by given hypotheses,
Let A be the bound of Bessel sequence {x n }. Then for x ∈ M x = sup
With Similar argument, we have
(III) Let X be a Banach space and K ∈ L(X ). If {x n } is an approximative atomic system for K in X . Then, there exist constants C, D > 0 such that
(IV) {x n } ⊆ X is a Bessel sequence for X with respect to X d if and only if there exists a bounded linear operator T from
Recall that T is called the synthesis operator associated with the Bessel sequence {x n }, and the bounded linear operator R :
is called the analysis operator of Bessel sequence {x n }. Also observe that from Lemma 2.7,
Note that the synthesis operator T need not be onto. Indeed, let X d = X = l 1 and let {e n } be a sequence of canonical unit vectors as basis of X . Take x n = e n+1 , for n ∈ N. Let h = {h n } ∞ n=1 ∈ X * = l ∞ then {h(x n )} ∈ l ∞ and {h(x n )} l ∞ ≤ A h l ∞ , where A > 0 is some constant. Thus, {x n } is Bessel sequence for X . But T : X d → X given by T (e n ) = x n , for n ∈ N is a bounded linear operator which is not onto. {x n } ⊆ X is a frame if and only if there exists a bounded linear operator T from
From the frame inequality, T * is one-one and Range of T * is closed in X * 
In the following result, we construct an approximative family of local atoms for K(X ) and an approximative atomic decomposition for [K(X )]
* from a given approximative atomic system for a bounded linear operator K. Proof. Since {x n } is an approximative atomic system for K in X K has a pseudo inverse K † , KK † is a projection from X onto K(X ) and KK † (x) = x, for all x ∈ K(X ). Thus, KK † | K(X ) = I K(X ) . Let {h n,i } be its associated approximative X dBessel sequence with bound C. Take f n,i = (K † | K(X ) ) * (h n,i ), n ∈ N and let x ∈ K(X ). Then, we compute
Now, we will show that {f n,i } is an approximative Bessel sequence for K(X ) with respect to X d . Let x ∈ K(X ). Then we have
If {x n } is an approximative atomic system for K and K has pseudo inverse K † , then for h n,i = f i , {x n } is frame as well as an approximative family of local atoms for K(X ). The following theorem gives a necessary condition for the existence of an approximative atomic system for a bounded linear operator K. Proof. Since {x n } is an approximative atomic system for K, T :
h n,i x i is a well defined bounded linear operator such that
T (e i ) = x i , n ∈ N. Also, there exists an approximative X d -Bessel sequence {h n,i } for X with bound B such that
Then, for h ∈ X * , we have
Hence, by Lemma 2.6, we have RangeK * * ⊆ RangeT * * .
Gavruta [17] , had proved that for a separable Hilbert space H a sequence {x n } ⊆ H is an atomic system for K if and only if there exists a bounded linear operator L : l 2 → H such that L(e n ) = x n and Range(K) ⊆ Range(L), where {e n } is an orthonormal basis for l 2 . Towards the converse of the Theorem 3.4, we have the following theorem. Proof. Since T : X d → X is a bounded linear operator and is given by
So, by Observation IV, {x n } is a Bessel sequence with bound say B. Since RangeK * * ⊆ RangeT * * and T * (X * ) is complemented subspace of X * d , by Lemma 2.6, there exists a bounded linear operator θ :
This gives {h n,i (x)} = θ * (x) ∈ X d , for all x ∈ X and {h n,i (x)} = θ * (x) ≤ θ x , for all x ∈ X . Also, for h ∈ X * , we have
h(x i )h n,i .
and for x ∈ X and n ∈ N, we compute
h n,i (x)e i → 0 as n → ∞.
The following theorem gives a complete characterization for the approximative family of local atoms for the closed subspace of a Banach space. Now for each y ∈ X , P (y) ∈ M and
Clearly {P * (h n,i )} is an approximative X d -Bessel sequence for X . Hence, {x n } is an approximative atomic system for P . (b) ⇒ (a) Since {x n } is an approximative atomic system for P and x = P (x), for all x ∈ M , the proof follows. (a) ⇒ (c) Since {x n } is an approximative family of local atoms for M so there exists an approximative X d -Bessel sequence {h n,i } i=1,2,3,...,mn n∈N for M such that
Let U : M → X d be the analysis operator for {h n,i } given by U (P (x)) = {h n,i (P (x))}, x ∈ X . Also, {h n,i (P (x)} ∈ X d , for all x ∈ X . Hence
h n,i (P (x))x i = T ({h n,i (P (x))}) = T U P (x), for all x ∈ X .
(c) ⇒ (a) Since U : M → X d is a bounded linear operator such that T U P = P . Take h n,i = U * (e * n ), n ∈ N and x ∈ M . Then h n,i (x) = U * (e * n )(x) = e * n (U (x)). Therefore, {h n,i (x)} = U (x) ∈ X d , for all x ∈ M and {h n,i (x)} = U (x) ≤ U x , for all x ∈ M.
Also, for each, x ∈ M, there exists y ∈ X such that x = P (y). Moreover, {h n,i (P (y))} ∈ X d for all y ∈ X and x = T U P (y) = T ({h n,i (P (y))}) = lim Next, we shall show that if {x n } is an approximative K atomic system with K = I X , then every complemented subspace of X has an approximative family of local atoms and in case h n,i = f n then {x n } is a K atomic system and every complemented subspace of X has a family of local atoms. h n,i (P (x))x i , for all x ∈ X , then every complemented subspace of X has an approximative family of local atoms.
Proof. Let {x n } be a frame for X and T be the synthesis operator of {x n }. Then by given hypothesis, there exists an approximative X d -Bessel sequence {h n,i } such that
h n,i (x)x i , for all x ∈ X .
Let S be the analysis operator of {h n,i }. Note that I X = T S. Let M be a complemented subspace of X and P be the projection from X onto M . Take y n = P (x n ), for n ∈ N. Define T 1 : X d → M by T 1 = P • T . Then clearly T 1 is a bounded linear operator from X d onto M such that T 1 ({h n,i }) = P ( lim Thus, {y n } is frame for M and a Bessel sequence for X with respect to X d . Let N = S(M ) and let α = {h n,i } ∈ X d . Then, T 1 (α) = x, for some x ∈ M. Now take α 1 = S(x). Then, α 1 ∈ N. Also, if α 0 = α − α 1 , then T 1 (α 0 ) = T 1 (α) − T 1 (α 1 ) = x − P (x) = 0. This gives α 0 ∈ kerT 1 . Thus α = α 0 + α 1 . Then λ ∈ N ∩ kerT 1 . Then T 1 (λ) = 0
